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Flight Mechanics of an Elastic Symmetric Missile
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The free-� ight motion of an elastic missile is approximated by three bodies connected by two massless elastic
cantilever beams. If the mass distribution of the three bodies is 1–2–1, the frequency of the symmetric oscillation of
the outer bodies is within 5% of the classical frequency of the oscillation of a free–free beam. A second combined
pitching antisymmetric � exing motion can occur with a frequency that is almost twice that of the symmetric � exing
motion. As the beam stiffness is reduced, the symmetric � exing motion frequency approaches the rigid-body aero-
dynamic zero-spin frequency, and the � ight zero-spin aerodynamic frequency is considerably reduced. Moderate
beam damping can cause dynamic instability for spins greater than the aerodynamic frequency. Resonance mode
ampli� cation can occur when the spin is equal to the aerodynamic frequency, but more important, also when the
spin is equal to the two elastic � exing frequencies. Spin-yawlock-in is shown to occur at the lower elastic frequency.

Nomenclature
d = projectile body diameter
EI = stiffness of beams
E j = dimensionless complex lateral

location of c.m. of body j with respect to
projectile c.m.

.Fx j ; Fy j ; Fz j) = aerodynamic force exerted on body j

. OFx j ; OFy j ; OFz j / = elastic beam force exerted on body j
g1 = ½V 2S=2
H j = angular momentum vector of body j
It = transverse moment of inertia of projectile
It j = transverse moment of inertia of body j
Ix = axial moment of inertia of projectile
Ix j = axial moment of inertia of body j
I fzg = imaginary part of z
L j = dimensionless length of body j , that is,

� neness ratio
.Mx j ; My j ; M z j/ = aerodynamic moment exerted on body j
. OM x j ; OM y j ; OM z j / = elastic beam moment exerted on body j
m = projectile mass
m j = mass of body j
p = projectile spin, p1
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p j = axial component of angular velocity
of body j

Q = complex angular velocity of body 1, Pµ C i PÃ
Rfzg = real part of z
rm = mass ratio, m2=m
S = body cross-sectionalarea, ¼d2=4
V = magnitude of projectile velocity
.vx j ; vy j ; vz j ) = velocity of body j
.X j ; Y j ; Z j ) = location of c.m. of body j with respect

to the c.m. of body 1
x j = dimensionless axial location of c.m.

of body j with respect to the c.m. of the
projectile

® = angle of attack at the projectile c.m.
¯ = angle of sideslip at the projectile c.m.
.0y j ; 0z j / = pitch and yaw angles of body j

with respect to body 1
µ = pitch angle of body 1
¸k = damping of kth mode
» = complex angle of attack of projectile,¯ C i®
½ = air density
¾ = O!=!R
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1126 MURPHY AND MERMAGEN

Á = roll angle of body 1
PÁk = frequency of kth mode
Ã = yaw angle of body 1
O! =

p
[3E I=.m1m2a3/]

!R = rigid-projectilezero-spin frequency,
p

.T11=It /
!1 = lowest frequency for free–free uniform

elastic beam

Subscripts

B = parameter for bent projectile
e = Earth-� xed axes
R = parameter for rigid symmetric projectile

Superscripts

O = quantity related to elastic beam
» = aerodynamic quantity

I. Introduction

T HE linear � ight mechanics of spinning projectiles was � rst
developedafter World War I and later extendedpast World War

II.1¡4 These results were reformulated by Platus5 in missile-� xed
coordinatesfor reentryvehicles.Thus, the linear � ight mechanicsof
symmetric projectiles including � nned missiles is well established.
Nonlinear � ight mechanics as well as the effect of liquid payloads
have also been extensively addressed.4;6;7

Recently with the development of long � nned antiarmor projec-
tiles and long � are-stabilized reentry vehicles, the effects of aeroe-
lasticity have become a matter of possible concern for designers.
In 1992 Platus8 developed a simple theory for elastically deform-
ing missiles. This theory showed signi� cant decreases in pitching
frequency when the smallest bending frequency was less than four
times thepitchingfrequency.He alsoshowedthat linearbeamdamp-
ing could actually make the missile dynamically unstable when the
spin was greater than the pitching frequency.

Platus8 assumed that the elastic missile oscillated in the modal
waveform of a nonspinning free–free beam. For uniform distribu-
tion of mass, the waveform is symmetric with equal de� ections at
each end. The aerodynamic loads on a � nned missile, however, are
quite different at the nose and the tail, and this may not be a good
assumption. Moreover, it would be desirable to predict the resonant
response induced by mass or aerodynamic asymmetries at aerody-
namic or elastic frequencies.

Murphy9 has studied the responseof a spin-stabilizedbodyof rev-
olution to the motion of an interior elastic beam-mountedmass and
have shown that beam damping could destabilizethe shell. Because
all shells have spin rates in excess of their pitching frequencies, this
is in agreement with the Platus result.8

Fig. 1 X–Y coordinates for three-component projectile (every variable is shown as positive except C y3 ).

In this paper,we will make use of beamtheory9 to constructa sim-
ple model of an elasticprojectileacted on by two signi� cant aerody-
namic loads. The complicated elastic projectile will be replaced by
three rigid-projectile components connected by two massless can-
tilevered beams. Next this three-body model will be used to yield
good predictions of the frequency of the motion of a uniform free–

free beam � ying in a vacuum. With the inclusion of aerodynamic
terms, frequenciesand damping of the angularmotion of a symmet-
ric elastic missile can be estimated from a 5 £ 5 determinant.

Beam damping should be based on derivatives in a missile-� xed
coordinate system. Thus, beam damping has no effect on the trim
motion, which is constant in these coordinates.Resonance frequen-
cies, however,will decreaseas the ratio of elastic frequencyto rigid-
bodypitchingfrequencydecreases.It will be shownthat thedamping
of transients can be adversely affected by beam damping.

Finally, the effect of permanent deformationswill be considered,
that is, the case of a bent missile. These deformationsaffect the size
of resonant trim and introducethe possibilityof spin-pitchlock-in.10

II. Linearized Equations of Motion
We will initially considera homogenouscylinderof � neness ratio

L and mass m, divided into three segments with � neness ratios L j

and masses m j . A � xed plane coordinate system that pitches and
yaws with the center segment (component 1) and has an origin
located at the c.m. of the center segment is shown in Figs. 1 and 2.
(Fixed plane coordinates roll so that the Z axis is always in the
X e¡Ze plane.) Its orientationwith respect to Earth-� xedaxes .Ã; µ/
and the velocity vector .¯; ®/ is also shown in Figs. 1 and 2.

For j D 2 and 3, let .X j ; Y j ; Z j / be the locationof thec.m. of com-
ponent j with respect to the c.m. of component 1 and let .0y j ; 0z j /
be the inclination of the forward body ( j D 2) and of the rear body
( j D 3), as shown in Figs. 1 and 2.

Next it is assumed that the fore and aft componentsare elastically
connectedto thecentercomponentby two masslesscantileverbeams
of lengths a and b and stiffness E I . The moment and force exerted
on these components by these beams can be computed from simple
beam theory.9 For motion in the X¡Y plane,

OFy j D b1 j Y j C b2 j 0y j (1)

OM z j D b2 j Y j C b3 j 0y j (2)

where

b12 D ¡.12=a3/.E I /; b13 D ¡.12=b3/.E I /

b22 D .6=a2/.E I /; b23 D ¡.6=b2/.E I /

b32 D ¡.4=a/.E I /; b33 D ¡.4=b/.E I /

Similar relations apply for OFz j and OM y j .
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Fig. 2 X–Z coordinates for three-component projectile (every variable is shown as positive except C z3).

For the dynamics analysis, a coordinate system with its origin
at the c.m. of the complete projectile is much more convenient.
Throughout this paper, complex quantities will be used to describe
the lateral motion of the three components. Their lateral location
will be speci� ed by the dimensionless complex variables E j and
their axial location by dimensionless variable x j . Both the lateral
locations and the axial locations are with respect to the projectile
c.m.:

E j ¡ E1 D .Y j C i Z j /=d; E1 D ¡.m2 E2 C m3 E3/=m1 (3)

x j D .X j=d/ C x1; x1 D ¡.m2 X2 C m3 X3/=md (4)

The complex beam forces and moments exerted on the forward and
aft components are

OF j D b1 j .E j ¡ E1/d C b2 j 0 j (5)

OM j D i [b2 j .E j ¡ E1/d C b3 j 0 j ] (6)

where

0 j D 0y j C i0z j

The velocity vector of the j component is .vx j ; vy j ; vzi/, and the
complex transverse velocity is

vy j C ivz j D PE j d C V » ¡ i x j Qd (7)

where » D ¯ C i® is the complex angle of attack, Q D Pµ C i PÃ is the
complex transverse angular velocity, and V »D vx j is the magnitude
of the projectile’s velocity.

The transverse components of the equations of motion for each
component’s c.m. can provide differential equations for the E j :

m j [ RE j d C V . P» ¡ i Q/ C PV » ¡ i x j
PQd] D OF j C F j (8)

where F j is the transverseaerodynamicforce actingon the j compo-
nent. The axial beam forces OFx j are determined by the requirement
that each component has the same axial velocity,

m j
PV »D m j vx j D OFx j C Fx j (9)

where Fx j is the axial aerodynamicforce actingon the j component.
The angular momentum of each component H j can be simply

expressed in � xed plane coordinates that pitch and yaw with that
component:

H j D [Ix j p; It j . Pµ ¡ P0z j /; It j . PÃ C P0y j /] (10)

where 01 D 0. After differentiatingeach angularmomentum vector,
we can write three differentialequations for the two 0 j and Q from
the transverse components,

It j . PQ C i R0 j / ¡ i pIx j .Q C i P0 j / D OM j C M j (11)

where M j is the transverse aerodynamic moment acting on the j
component.

The forces exerted on the center component by the other compo-
nents are the negatives of the beam forces and the moment exerted
on the center componentcan be computed from the negatives of the
beam forces and moments:

OF1 D ¡ OF2 ¡ OF3; OFx1 D ¡ OFx2 ¡ OFx3 (12)

OM1 D ¡ OM2 ¡ OM3 ¡ i [.x2 ¡ x1/ OF2 C .x3 ¡ x1/ OF3

C OFx2.E2 ¡ E1/ C OFx3.E3 ¡ E1/]d (13)

The sum of Eq. (9) yields the usual drag equation,

m PV D
3X

j D 1

Fx j (14)

Equation (8) can be added to eliminate the beam forces to provide
a simple relation between Q and » :

V . P» ¡ i Q/ D
3X

j D 1

[F j ¡ » Fx j ] (15)

Equation (8) can now be multiplied by i.x j ¡ x1/d, respectively,
Eq. (9) multiplied by i.E j ¡ E1/d , and all added to the sum of
Eq. (11) to eliminate the beam forces and moments. The resulting
differential equation for Q can then be simpli� ed to

It
RQ ¡ i p Ix Q D

3X

j D 2

£
m j .x j ¡ x1/ RE j d

2 C It j
R0 j ¡ i pIx j

P0 j

¤

C
3X

j D 1

[M j C i.x j F j C Fx j E j /d] (16)

where

It D It1 C It2 C It3 C
¡
m1x2

1 C m2x2
2 C m3x2

3

¢
d2

Ix D Ix1 C Ix2 C Ix3
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III. Linear Aerodynamics
The linear aerodynamic forces and moments acting on the three

bodies have the following forms in terms of the angle of attack at
each body:

Fx j D ¡g1cDj ; g1 D ½V 2 S=2 (17)

Fy j C i Fz j D ¡g1

©£
c1 j C i.pd=V /c¤

1 j

¤
» j C c2 j

P» j d=V
ª

(18)

My j C i Mz j D ¡ig1d
©£

c3 j C i
¡

pd=V
¢
c¤

3 j

¤
» j C c4 j

P» j d=V
ª

(19)

The Magnusforce and moment coef� cientsc¤
1 j and c¤

3 j are usually
neglected for slowly spinning � nned missiles but must be retained
for spin-stabilizedbodies of revolution.The local angles of attack at
the three components are determined by their location, inclinations,
and motion

» j D » ¡ P» x j d=V ¡ 0 j C PE j d=V (20)

[Note that in Ref. 8 the relation similar to Eq. (20) erroneously
uses the missile-� xed derivative of E j and not the derivative in a
nonspinningcoordinate system.]

From Eqs. (14) and (17), the familiar form of the drag equation
can be written:

m PV D ¡g1CD (21)

where

CD D cD1 C cD2 C cD3

Equations (17) and (18) for the aerodynamic force can be inserted
in Eq. (14) and the small effects of the Magnus force, the damping
force, and the centerbody lift on the trajectory neglected:

.c¤
1 j D c2 j D c11 D 0/

mV . P» ¡ i Q/ D ¡g1bCL®» ¡ c12.02 ¡ PE2d=V /

¡ c13.03 ¡ PE3d=V /c (22)

where

CL®
D CN ® ¡ CD

Equations (8) and (11) for j D 2, 3 and Eqs. (15) and (16) are six
differential equations in six variables, »; Q; E2; 02; E3; and 03 . If
the aerodynamic forces and moments of Eqs. (17–19) are inserted
and Q eliminated by use of Eq. (22), a set of � ve equations in � ve
variables results:

5X

m D 1

£
Rnm Rzm C

¡
Snm C i pS¤

nm

¢
Pzm C

¡
Tnm C i pT ¤

nm

¢
zm

¤
D 0

n D 1; 2; 3; 4; 5 (23)

where

.z1; z2; z3:z4; z5/ D .»; E2; 02; E3; 03/

Rnm and S¤
nm are primarily dynamics terms involving various

masses and moments of inertia. The aerodynamic contributions to
these terms are quite small and will be neglected.Tnm containscom-
binationsof beam elastic terms and aerodynamicterms whereas Snm

and T ¤
nm are combinationsof beam damping terms and aerodynamic

terms:

Tnm D OTnm C g1
QTnm ; Snm D OSnm C .g1d=V / QSnm

T ¤
nm D OT ¤

nm C .g1d=V / QT ¤
nm (24)

Of the 40 terms, 20 of the dynamics terms, 12 of the elastic terms,
and 8 of the beam damping terms are nonzero. These 40 terms and
the 46 nonzero aerodynamic terms are tabulated in Ref. 11.

A general solution of Eq. (23) can be expressed as a linear com-
bination of 10 modal functions of the form

zm D zmk eAt ; A D Ak; k D 1¡10 (25)

When a function of this type is substituted into Eq. (23), the � nal
resultcan be written in the formof � ve linearhomogenousequations
in the constants zmk . These equationsare speci� ed by a 5 £ 5 matrix
unm , which is a function of A:

5X

m D 1

unm zmk D 0; n D 1; 2; 3; 4; 5 (26)

where

unm D A2
k Rnm C Ak

¡
Snm C i pS¤

nm

¢
C Tnm C i pT ¤

nm

The 10 values of Ak are the roots of

det unm D 0 (27)

For z1k 6D 0, the corresponding values of the zmk for each of the
10 modes can be determined from the solution of a fourth-order
inhomogeneous linear system:

4X

m D 1

wnm ymk D wn ; n D 1; 2; 3; 4 (28)

where

wnm D u.n C 1/.m C 1/; ymk D z.m C 1/k=z1k; wn D ¡u.n C 1/1

Equation (27) can be solved in general by a simple trial and error
Newton’s method.

IV. Three-Component Motion in a Vacuum
We will consider a nonspinning projectile with identical com-

ponents 2 and 3 and identical connecting beams. For this case, all
parametersforcomponents2 and3 are equalexceptfor x2 D ¡x3 and
b22 D ¡b23. For motion in a vacuum, g1 D 0, and the aerodynamic
terms vanish. The resulting equations identify zero as a double root
of Eq. (27) (A1 D A2 D 0). If we considersymmetric � exing motion
for which z2k D z4k and z3k D ¡z5k , the pitching motion described
by z1k has zero amplitude. Four more roots of Eq. (27) follow.

For small It2 ,

A3;4 D §i

r
3mEI

m1m2a3
D §i O!

A7;8 D §2i

r
EI

It2a
(29)

The third and fourth roots are particularly interesting because
they produce � exing motion similar to that for the classical free–

free beam vibration.The lowest frequency for this motion as given
by Ref. 12 is

!1 D 22:37
p

EI=.mL3d3/ (30)

If we assume the length of the beam to be the distance between the
c.m. of the center component and the forward component,

a D x2d D .L=2/.1 C rm /

.1 C 2rm/
(31)

!1

O!
D .4:566/

r
rm .1 C rm/3

.1 C 2rm /5
(32)

where

rm D m2=m1

According to Eq. (32), the three-body frequency is only 5% greater
than the classical frequency when the masses for fore and aft com-
ponents each are one-half the mass of the center component or are
each 25% of the total mass. In the numericalexamplesof this report,
we will specify each end component to have one-quarter the total
mass.
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The remaining four roots can be obtained by assuming an an-
tisymmetric oscillation of the end bodies, that is, z2k D ¡z4k and
z3k D z5k . The amplitude of the pitching motion is coupled to the
amplitude of the � exing motion by

z1k D 2
¥

m2x2d
2z2k C It2z3k

¦ ¯
It (33)

For small It2,

A5;6 D §i

r
3EI

m2a1a3
; A9:10 D §2i

r
EI

It2a
(34)

where

a1 D 1 ¡ 2m2.x2/
2d2

¯
It

The 9 and 10 roots are approximatelyequal to the 7 and 8th roots.
These roots correspond to very high frequencies and will not be
considered in the remainder of this paper.

V. Flare-Stabilized Rod
Platus8 � rst applied his theory to a 5-ft-long rod stabilized by a

very light 1.5-ft-long � are with a base diameter of 0.8 ft. Because
he neglected the very small normal force associated with the nose,
this missile has a very simple normal force distribution:

dCN ®

dx
D ¡1:138.x C 1:25/; ¡3:12 · x · ¡1:25 (35)

The ratio of the three-body elastic frequency O! to the rigid-body
zero-spin pitch frequency !R is a good measure of the effect of
elasticity on the projectile’s aerodynamic frequencies and damp-
ing rates. This ratio, O!=!R , will be denoted by ¾ and is usually

Fig. 3 For � are stabilized rod, ÇÁ1 /!R vs ¾.

Fig. 4 Finned missile.

greater than 5. When it is less than 5, we would expect a large ef-
fect on the aerodynamic motion. By varying EI, we can compute
PÁ1=!R as a function of ¾ . The result is plotted as Fig. 3 and com-
pared with the three-bodytheory.Figure 3 show similar behaviorfor
the two theories, but the three-body theory predicts a much slower
decrease in PÁ1 with decreasing¾ . The displacementof the aft com-
ponent is twice that of the forward component. For ¾ D 2, the � n
angle of attack is reduced by 40%, thereby reducing the frequency
by 23%.

VI. Finned Missile
The implications of our aeroelastic theory can best be seen by

the consideration of a particular hypersonic � nned projectile with
� neness ratio of 20 � ying at 6000 ft/s. This projectile has a body
diameter of 0.35 ft, and its forward and rear segments are each 25%
of the total length. The various aerodynamic coef� cients are com-
puted from an assumed force distribution. This force distribution
was obtained from slender body theory13 for the body alone and
from linearizedsupersonictheory for the four � ns.14 All parameters
are listed in Table 1 and the missile shown in Fig. 4. For zero spin,
the rigid-bodyfrequency!R is 8.52 Hz and rigid-bodydampingrate
is ¡2.4 s¡1 . For ¾ D 8, the three-body symmetric beam frequency
! is 69.0 Hz, and the elastic projectile frequency is 8.06 Hz, that is,
6.5% less than the rigid-body frequency.

The equations derived in Sec. III can now be used to calculate
PÁ1=!R as a function of ¾ between 1.0 and 10.0, and the result
is shown in Fig. 5. For ¾ D 4, the effective angle of attack of the
� ns has been reduced by 30%, and the adverse angle of the nose
has increased by 35%, thereby reducing the projectile frequency
by 45%. The large nose de� ection with its increased destabilizing
moment has a large effect on the projectile frequency,which did not
appear for the � are-stabilizedmissile.

VII. Beam Damping
Beam damping is a very complicated process that we will ap-

proximate by a simple linear proportionalitywith the displacement
velocity. This velocity must be computed in a coordinate system

Table 1 Finned missile parameters

Parameter Value Parameter Value

m 3.50 slug cD3 0.18
m2 D m3 0.875 slug c1 9.4
Ix 0.054 slug ¢ ft2 c3 ¡34.4
Ix2 D Ix3 0.0135 slug ¢ ft2 c4 ¡750
It 14.20 slug ¢ ft2 c12 2.3
It2 D It3 0.22 slug ¢ ft2 c13 7.1
x2 D ¡x3 7.5 cal c22 19
.EI/2 .EI/3 c23 27
d 0.35 ft c32 5.4
a D b 2.63 ft c33 ¡3.6
½ 0.002 slug/ft3 c42 ¡30
V 6000 ft/s c43 ¡10
CD 0.40 C`p ¡18
cD2 0.15 All other c j 0
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Fig. 5 For � nned missile, ÇÁ1 /!R vs ¾.

Fig. 6 For p = 2:3 !R, ¸1 vs ¾, where k2 = k3 = 0, 0.05, and 0.10.

spinning with the beam. Thus, the damping force exerted by each
beam is assumed to have the form

¡
OFy j C i OFz j

¢
damp

D ¡2k j m j O!eiÁ d

dt

£
.E j ¡ E1/e

¡iÁ
¤

D ¡2k j m j O![ PE j ¡ PE1 ¡ i p.E j ¡ E1/] (36)

where

PÁ D p

The de� nition of k j was selected so that k j D 1 corresponds to
critical damping of a free–free beam. The forward beam damping
contribution to the � rst mode is, for example,

¡2k2m2 O!b¸1 C i. PÁ1 ¡ p/c[.m1 C m2/z21 C m3z41]=m1

Thus, beam damping is a strong functionof spin and is essentially
zero when spin is equal to the modal frequency. Beam damping
increases projectile damping when spin is less the modal frequency
and decreases projectile damping when it is greater than modal
frequency. Finally, Fig. 6 shows ¸1 vs ¾ for spin of 2:3!R and
k2 D k3 D 0; 0:05, and 0.10. For low values of ¾ , beam damping
actually can cause projectile instability.

VIII. Bent Missile
If the beam de� ection is large enough, the maximum stress ex-

ceeds the yield limit, and the beams are permanently deformed or
bent. All future elastic motion will be about this new bent shape.
Thus, the component location variables E j and 0 j are no longer

completely elastic, but consist of an elastic part and a permanently
bent part that rotates with the projectile:

E j D OE j C EjBeiÁ (37)

0 j D O0 j C 0jBeiÁ (38)

where PÁ D p and OE j and O0 j vary elastically.Both fore and aft com-
ponentswill have trim force and trim moment terms associatedwith
0 jB and E jB in Eq. (20).

The equations of motion derived in Sec. 3 should be modi� ed by
insertingthe new variablesof Eqs. (37) and (38) in the dynamicsand
aerodynamicstermsand replacing.E j ; 0 j / by . OE j ; O0 j / in theelastic
terms. Our new set of � ve inhomogeneous differential equations
contains terms multiplied by exp.iÁ/:

5X

m D 1

£
Rnm Rzm C

¡
Snm C i pS¤

nm

¢
Pzm C

¡
Tnm C i pT ¤

nm

¢
zm

¤
D tn exp.iÁ/

n D 1; 2; 3; 4; 5 (39)

where tn are tabulated in Ref. 11.
We assume constant spin and a solution of the form

.z1; z2 ¢ z3; z4; z5/ D .»T ; OE2T ¢ O02T ; OE3T ; O03T / exp.i pt/

D .s1; s2; s3; s4; s5/ exp.i pt/ (40)

The s j are solutions of the following linear inhomogeneous system
of equations:

5X

m D 1

tnm sm D tn ; n D 1; 2; 3; 4; 5 (41)

where

tnm D ¡p2
¡
Rnm C S¤

nm

¢
C i p

¡
Snm C T ¤

nm

¢
C Tnm

We will consider a simple bent version of our � nned missile. All
of the bent parametersare taken to be zero except for E3B D ¡0:063
and 03B D 0:020. The magnitude of the trim motion is smaller than
that for zero-spin motion except in the vicinity of the � ve resonant
spins.For ¾ D 5, the maximumvaluesof the trim motion parameters
for spinnear the three lower resonantfrequenciesaregiven in Table2
and s1=s10 vs spin is shown in Fig. 7.

Table 2 Resonant spins sj/s10, ¾ = 5

p 0:74 !R 4:87 !R 9:72 !R

s1=s10 10.0 (¡87) 1.2 (106) 10.9 (¡104)
s2=s10 4.9 (93) 22.1 (103) 90 (¡104)
s3=s10 2.2 (93) 8.8 (102) 19.5 (¡104)
s4=s10 4.7 (92) 16.2 (102) 93.3 (76)
s5=s10 2.0 (¡88) 7.3 (¡78) 20.6 (¡105)

Fig. 7 For ¾ = 5, jj s1 /s10 jj vs p/!R
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For spin near 0:7!R and 4:9!R , the forward and aft components
move in phase with each other while they are out of phase for spin
near 9:7!R . This out of phase motion is similar to the � fth and sixth
modes for vacuum� ight.For resonantspinsof 0:7!R and 9:7!R , the
aft component moves to reduce the effective angle of attack of the
� ns, but it actually increases the effective angle of attack for the
intermediate spin of 4:9!R . The motion of the two end bodies does
dominate the two elastic beam resonant frequencies.

IX. Quadratic Roll Equation
Because the trim motion is large in a very small region near

resonantspin, trim motionof rigidspinning� nnedmissilesis usually
a minor concern for designers. Some missiles, however, can lock-
in at resonant spin for a range of initial conditions. In Ref. 10,
it is shown that a rigid missile with mass asymmetry and a trim
aerodynamic force can lock-in at resonant spin. The terms in the
missile’s roll equation that causes this are quadratic terms, and we
must, therefore, derive the quadratic version of roll equations for
the three components.

Each component’s roll equation is expressed with respect to that
component’s � xed plane X axis:

Ix j Pp j D OM x j C g1c`j d (42)

If linearity is assumed,

p1 D p2 D p3 D p (43)

OM x1 D ¡ OM x2 ¡ OM x3 (44)

Ix Pp D g1c`d (45)

where

c` D c`1 C c`2 C c`3 D C`p . p ¡ pss/ d=V

where pss is the linear steady-state spin produced by either inten-
tional cant of the � ns or unintentionaldamage to the � ns.

The exact relations for p2 and p3 depend on the requirement
that they should be equal to the corresponding body’s � xed plane
X component of the central body’s angular velocity:

p j D p
£¡

1 ¡ ° 2
j

¢¯
2
¤

C Pµ0y j C PÃ 0z j

D p C Rf.Q ¡ p0 j=2/ N0 j g (46)

where

° j D j0 j j; R fa C ibg D a

and Nz is the complex conjugate of z. Equation (44) can be replaced
by a more exactexpressionfor the rollmoment exertedon the central
body by the two beams as

OM x1 D ¡ OM x2

£
1 ¡ ° 2

2

¯
2
¤

C Rf OM2
N02g ¡ OM x3

£
1 ¡ ° 2

3

¯
2
¤

C Rf OM 3
N03g ¡ I f OF2. NE2 ¡ NE1/d C OF3. NE3 ¡ NE1/dg (47)

Equations (42), (46) and (47) can be combined to give the nonlinear
version of Eq. (45):
£
Ix ¡

¡
Ix2° 2

2 C Ix3° 2
3

¢ ¯
2
¤

Pp D g1c`d C Rf OM2
N02 C OM3

N03g

¡ I f OF2. NE2 ¡ NE1/d C OF3. NE3 ¡ NE1/dg ¡ PC0 (48)

where

C0 D
3X

2

Ix j R

³
Q ¡ p0 j

2

´
N0 j

Equation (48) is the nonlinear spin equation and must be com-
bined with Eq. (39) to describe the motion of a bent missile. Any
study of the steady-statesolutions would require numerical integra-
tion of Eqs. (39) and (48). The linear spin equation had a constant
steady-statesolution,andconstantsteady-statesolutionsfor thenon-
linear spin equation are possible.For constant spin, the trim motion

given by Eqs. (40) and (41) describes the steady-state transverse
motion of an elastic missile. If the equations for trim motion are in-
serted in Eq. (48) and Pp is taken to be zero, the appropriateequation
for equilibrium spins can be written:

g1C`p.p ¡ pss/ d2
¯

V D ¡.Mx /nl (49)

where

.Mx /nl D Rf OM2T
N02T C OM3T

N03T g ¡ I f OF2T . NE2T ¡ NE1T /d

C OF3T . NE3T ¡ NE1T /dg

if two functions of spin, f1 .p/ and f2 . p/, are de� ned as

f1 .p/ D ¡.Mx /nl

¡
g1C`pd2

¯
V

¢¡1
(50)

f2 .p/ D p ¡ pss (51)

Equation (49) states that equilibriumspins are spins for which f1

intersects f1 . Here f1 .p/ is a function of spin, and except for near
resonance spin, it is quite small and equilibrium spin must be near
the design pss. Near resonance, however, f1. p/ is large. Although
pss could be quite far from resonance spin, a near resonance spin
could satisfy Eq. (49) and be an equilibrium spin. If this equilib-
rium spin were a stable equilibrium, it would be a possible constant
steady-statespin and, therefore,produce spin-yawlock-in.Numeri-
cal integrationof the differentialequationsof motion, Eqs. (39) and
(48), would determine the stability of the equilibrium spins.

Fig. 8 For bent missile with ¾ = 5, i = 1, 2, fi!
¡ 1
R vs p/!R.

Fig. 9 For bent missile with ¾ = 5, p/!R vs time (pss = 7!R , Çp0 = 4.9!R ,
and 5:2!R).
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Function f1.p/ for a nonlinear roll moment is computed from
Eq. (50) for our bent missile, and the result is plotted against p=!R

in Fig. 8. The line f2.p/ for the linear roll moment is also plotted
for pss D 7!R . The three intersectionsof the two curves are equilib-
rium spins. The effect of other values of pss can be determined by
changing the p=!R intercept of the f2 .p/ line. This process shows
that 0:7!R could be an equilibriumspin when pss is between 0:7!R

and 3:1!R and similar observations apply for 4:9!R .
The equations of motion for our bent missile case have been

integrated for pss D 7!R and Pp0 D 4:9!R , and 5:2!R . The resulting
spin history is plotted against time in Fig. 9. For Pp0 greater than
5:2!R , the spin goes to a constant value near the linear prediction
of pss. For Pp0 between 0 and 4:9!R , it goes to a value of 4:7!R near
the lowest elastic frequency. Thus, spin lock-in can occur for this
elastic frequency.

X. Summary
1) Aeroelastic motion of a � exible projectile is approximated by

three bodies connected by two massless elastic beams.
2) This three-component projectile theory gives excellent esti-

mates of the � rst elastic frequency of a free–free uniform beam.
3) Two types of beam motion are simulated: the classical free–

free symmetric motion and an outof-phase antisymmetric � exing
motion combined with pitching motion.

4) When the elastic frequency is less than eight times the aero-
dynamic rigid-body pitch frequency, the � ns move to reduce the
stabilizing moment signi� cantly and the pitch frequency can be
signi� cantly reduced.

5) Moderate beam damping can cause dynamic instability when
the spin is much greater than the pitch frequency.

6) The trim motion of a bent missile shows large resonant re-
sponses when the spin is near the lower three modal frequencies.

7) The quadratic roll equation shows that lock-in can occur for
the lower elastic frequency.
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